Abstract. In this paper, we characterize several lower separation axioms
Introduction
In this paper, we characterize T −1 , T 1/2 , T 1/3 , and T 1/4 topologies using order properties. These characterizations implies the invariance under arbitrary disjoint unions (i.e. the disjoint union of T i spaces is T i for i = −1, 1/2, 1/3, 1/4). Moreover, we show the following relations between topologies: S 1 ⇒ C 0 ⇒ recurrent. The following are equivalent for a topological space X: (1) X is T Y S ; (2) X is T 0 with ⇓ x∩⇓ y = ∅ for any x = y ∈ X; (3) X is T 1/4 and a downward forest. The following inclusion relations between topologies hold: T Y S ⇒ T 1/4 . Moreover, we characterize several lower separation axioms C 0 , C D , C R , C N , S Y S , S Y Y , S Y , λ-space, nested, and S δ using pre-order. For instance, we have the following characterization for a topological space X: X : λ-space ⇔ U − U ⊆ min X for any λ-closed subset U ; X: C R ⇔ X: S 1 (i.e. min X = X); X: C N ⇔ ↓ x is down-directed for any point x of X; X: S Y ⇔ ht τ X ≤ 1 and the T 0 -identificationX of X is min-S 1 -free; X: S Y S ⇔ ht τ X ≤ 1 andX is an downward forest.
On the other hands, we introduce topological notions for foliations and flows. In fact, a codimension one foliation on a compact manifold is S Y S if and only if it is S 1/2 such that L 1 ∩ L 2 = ∅ for any leaves L 1 , L 2 ⊂ LD withL 1 =L 2 , where A is the closure of a subset A andL := ∪{L ′ ∈ F | L = L ′ }. A foliation on a paracompact manifold is recurrent if and only if it is C 0 . For codimension one foliations on compact manifolds, we show the following relations: pointwise almost periodic ⇒ S 1/2 ⇒ recurrent. In addition, we describe a sufficient condition that the set of F -saturated open subsets of a decomposition on a topological space becomes a topology.
Conversely, we introduce some notions (recurrent, attracting, saddle, (weakly) hyperbolic-like, and exceptional) for topologies from dynamical systems and foliation theory, and characterize some notions using general topology theory. For instance, we show the following inclusions for a compact space with a flow v: "without weakly τ v -hyperbolic-like points" ⇒ τ v -recurrent ⇒ "without τ v -hyperbolic-like points", where τ v is the quotient topology on the orbit space. Moreover if X is a compact manifold, then each hyperbolic minimal set consists of weakly τ vhyperbolic-like points.
2. Preliminaries 2.1. Topological notions. Let X be a topological space. A subset A of X is saturated if A is an intersection of open subsets, and is λ-closed if A is an intersection of a saturated subset and a closed subset. Complements of λ-closed subsets are said to be λ-open. A topological space X is a λ-space [1] if the set of λ-open subsets becomes a topology. Clearly a topological space X is a λ-space if and only if the union of any two λ-closed sets is λ-closed. A subset A of X is kerneled if A = ker A, where ker A := ∩{U ∈ τ | A ⊆ U }. For a subset A, denote by σA := A − A the shell of A. A point x is said to be closed (resp. open, kerneled) if so is {x}. The derived set of a point x ∈ X is the set of all limit points of the singleton {x}. The kernel ker x of a point x ∈ X is the intersection of all open neighborhood of x. The shell of a point x ∈ X is the difference ker x − {x}.
A topological space is a Baire space if each countable intersection of dense open subsets of it is dense. A topological space is anti-compact if each compact subset is finite. In [13] , a topological space X is nested if either U ⊆ V or V ⊆ U for any open subsets U, V of X.
Define the classx of a point x of a topological space (X, τ ) byx := {y ∈ X | x = y}, where x is the closure of a singleton {x}. The quotient space of X by the classes is denoted byX and called the class space of X. The quotient topology is denoted byτ . In other words, the class spaceX of X is the quotient space X/ ∼ defined by the following relation: x ∼ y if x = y. Note that the τ -closure of a point x is the disjoint union of theτ -closure of the classx (i.e. xτ = {ŷ ∈X |ŷ ∈xτ } = x for any point x ∈ X, where is a disjoint union symbol).
Notions of orders.
Recall that a pre-order (or quasi-order) is a binary relation on a set that is reflexive and transitive and a partial order is an antisymmetric pre-order. A set with a partial order is called a partially ordered set (also called a poset). A chain is a totally ordered subset of a poset. A subset is called a pre-chain if the T 0 -identification of it is a chain. Two points x and y of a pre-ordered set is incomparable if neither x ≤ y nor x ≥ y.
Let (X, ≤) be a pre-ordered set. Define the height ht x of a point x ∈ X by ht x := sup{|C| − 1 | C : chain containing x as the maximal point}. The height ht X of X is defined by ht X := sup x∈X ht x. Denote by X i (resp. min X, max X) the set of height i points (resp. minimal points, maximal points). Moreover define the upset ↑ x := {y ∈ X | x ≤ y} (resp. the downset ↓ x := {y ∈ X | y ≤ x}) of a point x ∈ X, the classx := {y ∈ X | y = x}) of x, and the derived set ⇑ x := ↑ x − {x} (resp. the shell ⇓ x := ↓ x − {x}) of a point x ∈ X. For a pair x ≤ y ∈ X, [x, y] := {z ∈ X | x ≤ z ≤ y}, [x, y) := {z ∈ X | x ≤ z < y}, (x, y] := {z ∈ X | x < z ≤ y}, and (x, y) := {z ∈ X | x < z < y}. Then [x, x] =x, [x, y] = ↑ x∩↓ y, and (x, y) = ⇑x∩⇓ŷ. In general, [x, y]−{x, y} = ⇑ x∩⇓ y = (x, y).
For an subset A of X, ↑ A := x∈A ↑ x (resp. ↓ A := x∈A ↓ x), and ⇑Â := ↑ A − A (resp. ⇓Â := ↓ A − A). Note that ⇑x = ↑ x −x and ⇓x = ↓ x −x for a pont x ∈ X. If A = ↑ A (resp. A = ↓ A), then A is called an upset (resp. a downset). Define the class posetX := X/ ∼ of a a pre-ordered set X as follows: x ∼ y ifx =ŷ. ThenX is a poset (i.e. antisymmetric). Denote by↑,↓,⇑,⇓ the operations with respect to the class poset. Then↑x = {ŷ ∈X | x ≤ y},↓x = {ŷ ∈X | y ≤ x}, ⇑x =↑x − {x}, and⇓x =↓x − {x}. Moreover, ↑x = ↑ x, ↓x ↓ x, ⇑x = ⇑x, and ⇓x = ⇓x A downward (resp. upward) forest is a pre-ordered set of which the upset (resp. downset) of any point is a pre-chain. Notice that a poset is a downward forest if and only if ⇓ x ∩ ⇓ y = ∅ for any incomparable points x, y of it. A downward (resp. upward) forest is a downward (resp. upward) tree if there is an point whose downset (resp. upset) is the whole set. Then the point is called the root of the downward (resp. upward) tree. Note that a downward (resp. upward) tree of height zero is a singleton and that a downward (resp. upward) tree of height one consists of height zero (resp. one ) points except the root (see Figure 1 ).
For downward forests T i with a base point t i ∈ min T i , define a bouquet T i of downward forests by T i = T i / ∼ and x ∼ y if x = t i and y = t j for some i, j. A partial ordered set S = {a, b, c, d} is min-S 1 (see Figure 1 ) if min S = {a, b}, max S = {c, d}, a < c, a < d, b < c, and b < d. We say that a pre-ordered set P is min-S 1 -free if it have no min-S 1 subsets. A subset A of a pre-ordered set P is down-directed if ↓ x ∩ ↓ y = ∅ for any points x, y ∈ A. A point x of a pre-ordered set P is a top (resp. a bottom) if y ≤ x (resp. y ≥ x) for any point y ∈ P . An upward forest (resp. pre-chain) X is down-discrete if for any x ∈ X − min X, there is a point y < x such that ↓ x ∩ ↑ y =x ⊔ŷ. A subset A of a pre-ordered set P is (order-)convex if ↑ x ∩ ↓ y ⊆ A for any pair x ≤ y ∈ A. Then a subset A is convex if and only if A = ↑ A∩↓ A. Indeed, suppose A is convex. Then A ⊆ ↑ A ∩ ↓ A. For any point x ∈ ↑ A ∩ ↓ A, there are points a, b ∈ A such that a ≤ x ≤ b. The convexity implies x ∈ A. Conversely, suppose that A = ↑ A ∩ ↓ A. For any pair a ≤ b ∈ A and any point x with a < x < b, we have x ∈ ↑ A ∩ ↓ A = A.
2.3.
Specialization pre-orders of topologies. The specialization pre-order ≤ τ on a topological space (X, τ ) is defined as follows: x ≤ τ y if x ∈ y. From now on, we equip a topological space (X, τ ) with the specialization pre-order ≤ τ . Then denote by ht τ x (resp. ht τ X) the height of a point x ∈ X (resp. a topological space (X, τ )), and by X i the subset of height i points. For a point x of a topological space (X, τ ), we have that ↓ x = x, ↑ x = ker x, andx = ↑ x ∩ ↓ x, and that ⇓ x is the derived set of x and ⇑ x is the shell of x. Notice that each closed subset is a downset with respect to the specialization pre-order and that the set min X of minimal points in X is the set of points whose classes are closed. Moreover, each subset is saturated if and only if it is an upset. Indeed, since each saturated subset is the intersection of open subsets and open subsets are upsets, each saturated subset is an upset. Conversely, since the downset ↓ x of a point of of a topological space X is closed, the complement X − ↓ x is open. Therefore the intersection U = x∈X−U X − ↓ x for an upset U of X is saturated.
Define the saturation ↑ A of a subset A of X by defined by x∈A ↑ x. Note that the saturation ker A of A corresponds to the upset ↑ A. Indeed, the definitions imply ↑ A ⊆ ker A. For a point x / ∈ ↑ A, the difference X − ↓ x is an open neighborhood of A. This implies ↑ A ⊇ ker A For a subset A of X, the intersection ↑ A ∩ A of the saturation of A and the closure of A is called the λ-closure of A. Then a subset A is λ-closed if and only if A corresponds to the λ-closure of
By the definition of λ-closed subsets, the intersection A = ↑ A ∩ A is λ-closed. Conversely, suppose that A is λ-closed. Then A ⊆ ↑ A ∩ A and there is a saturated subset B and a closed subset C with A = B∩C. Since a saturated subset containing A contains a saturation of A which is the upset ↑ A, we obtain ↑ A ⊆ B. Since the closure of A is the minimal closed subset containing A, we have A ⊆ C. Therefore ↑ A ∩ A ⊆ B ∩ C = A. Moreover, a λ-closed subset is order-convex. Indeed, for any points a ≤ b of a λ-closed subset A and for any point x ∈ X with a ≤ x ≤ b, since
A topological space (X, τ ) is Artinian if (X, ≤ τ ) satisfy the descending chain condition (i.e. each downward chain is finite).
2.4.
Separation axioms for points. Let (X, τ ) be a topological space. A point x is T −1 [7] (or T R [23] ) if it is either closed or there is a neighborhood U of it with U x. A point x ∈ X is T 0 if for any point y ∈ X − {x}, there is an open subset U of such that {x, y} ∩ U is a singleton. A point x ∈ X is T 1/2 (resp. T 1/4 ) if it is either closed or open (resp. closed or kerneled). A point x ∈ X is T D [3] if the derived set ⇓ x is a closed subset and it is C 0 [23] if the derived set ⇓ x is not a union of nonempty closed subsets. Obviously, each T 1/2 topology is T D . For any σ = −1, a point x in X is S σ if the pointx inX is T σ . For instance, a point x ∈ X is S 1/2 if and only ifx is either an open point or a closed point inX, it is S 1 if and only ifx is a closed point inX, and it is S 2 if and only if for any point y, x ∈ X withx =ŷ, there are disjoint open saturated neighborhood U x , U y of x, y. A point x ∈ X is q-S 2 if for any point y ∈ X withx =ŷ, either there is a point z ∈ X such that x, y ∈ z or the pair x, y can be separated by disjoint neighborhoods respectively.
A point x of X is T Y S [3] if ↓ x ∩ ↓ y is either ∅, {x}, or {y} for any y ∈ X − {x}. In [13] , a point x ∈ X is S SD if eitherx is closed or ⇓x is closed and is a class of some point, it is S δ if eitherx is closed or ⇓x is a closure of some point. In [3] , a point x ∈ X is S Y if ↓ x ∩ ↓ y contains at most one class for any y ∈ X witĥ x =ŷ. In [23] , a point x ∈ X is C D if the derived set ⇓ x of x is either empty or non-closed, it is C R if the derived set ⇓ x contains no nonempty closed subsets, and it is C N if there are no pair of two nonempty disjoint closed subsets in ⇓ x. These axioms satisfies the following relations [23] :
2.5. Separation axioms for topological spaces. Recall that the separation axiom S σ is exactly the axiom T σ without T 0 axiom (i.e. T σ = S σ +T 0 ) for any σ = −1. Let X be a topological space. A topological space is T 1/2 (resp. T 1/3 , T 1/4 ) if each subset (resp. compact subset, finite subset) is λ-closed. Note that a topological space X is T 1/2 (resp. T 1/4 ) if and only if so is each point and that X is T 1/3 if and only if for any compact subset C of X and for any point x ∈ X − C there is a subset A of X with C ⊆ A ⊆ X − {x} such that A is closed or open (see [2] ). A topological space is T −1 (resp. T 0 , T D , q-S 2 , etc) if so is each point. Note that τ is T 0 if and only if ≤ τ is a partial order. Moreover, in [13] , a topological space X is S Y Y if there is a point p ∈ X such that ↓ x ∩ ↓ y is either ∅,x,ŷ, orp for any x, y ∈ X withx =ŷ. In [14] , a topological space X is said to be w-R 0 (resp. w-C 0 ) if x∈X x = ∅ (resp. x∈X ker τ x = ∅). It's known that S 1/2 ⇒ λ-space ⇒ S 1/4 [6] . The following relation holds (cf. [2] ):
Then F is said to be S σ (resp. recurrent, q-S 2 , etc...) if so is the quotient space X/F of F . Define the quotient X/F, called the class
Note that a decomposition is pointwise almost periodic if and only if it is S 1 and that a decomposition on a compact Hausdorff space is R-closed if and only if it is S 2 [20] . Moreover, we can obtain all results in this paper without the T 0 axiom, by replacing a point x (resp. a separation axiom T i ) with a classx (resp. a separation axiom S i ).
Denote by τ F := {F (U ) | U ∈ τ } the set of F -saturation of open subsets. If τ F becomes a topology, then we call this the saturated topology on X. We also regard the saturated topology as a topology on the decomposition space X/F , where the decomposition space X/F is defined by the quotient space of X by the following equivalent relation: x ∼ y if F (x) = F (y). In the next section, we show that τ F becomes a topology if F is either a foliation or a continuous action of a topological groups.
In general, the set τ F of F -saturated subsets is not a topology on the quotient space X/F even if L is F -saturated for any L ∈ F . For instance, for a decomposition
2 , the set τ F is not a topology.
2.7.
Foliations. Let F be a foliation on a paracompact manifold M . A subset is F -saturated (resp.F -saturated) if it is a union of leaves (resp. leaf classes) of
In other words, the pre-order ≤ F is the specialization pre-order of the saturated topology of F . For a leaf L ∈ F , define the leaf classL :
Then the set of leaves (resp. leaf classes) is a decomposition. Denote by L x the leaf containing x ∈ M . The leaf class space M/F is defined by the quotient space of M by the following equivalent relation:
Note that the leaf class space M/F is the T 0 -tification of the leaf space M/F . We identify that τ F (resp. τF ) is the set of F -saturated (resp.F -saturated) open subsets, and that τ F -closed (resp. τF -closed) subsets are closed F -saturated (resp.F-saturated) subsets. Denote by Cl (resp. P) the unions of closed, proper (resp. non-closed) leaves. For a codimension one foliation, denote by E (resp. LD) the unions of exceptional (resp. locally dense) leaves. A foliation is T −1 (resp. T 0 , T D , q-S 2 , recurrent, etc) if so is the saturated topology of it.
2.8. Group-actions and flows. By group-actions, we mean continuous actions of topological groups on topological spaces. For a group-action v and for any point x of X, denote by O v (x) the orbit of x. Recall that a subset of X is saturated with respect to v if it is a union of orbits.
By a flow, we mean either an R-action on a topological space. For a flow v : R × X → X, the ω-limit (resp. α-limit) set of a point x is ω(x) := n∈R {v t (x) | t > n} (resp. α(x) := n∈R {v t (x) | t < n}), where v t (x) := v(t, x). A point x of S is strongly recurrent (resp. recurrent) with respect to v if x ∈ ω(x) ∩ α(x) (resp. x ∈ ω(x) ∪ α(x)). A flow is recurrent if each point is recurrent. Note that an orbit O of v is proper if and only if ⇓ τv O is closed, and that a point is recurrent if and only if it is τ v -closed or τ v -non-proper, where τ v is the quotient topology of the orbit space X/v.
A closed subset F of X is invariant if v t (F ) = F for any t ∈ R. A closed invariant set is minimal if it contains no proper closed invariant subsets. A minimal set F is an attractor of v if there is a neighborhood U F , called a basin of attraction, with F = t>0 v t (U ) such that v t (U ) ⊆ U for any t > 0. A repellor is a reversed time attractor, a sink is an attractor which is a singleton, and a source is an repellor which is a singleton. A minimal set F of v is a saddle set [4] if there exists a closed
A saddle set F has countably many separatrices if the cardinality of orbits whose α-limit set or ω-limit set is F is countable.
2.9. Dynamical-system-like notions for points. We say that a point is (τ )-recurrent if it is T 0 or non-T D (i.e. either it is closed or the derived set is not closed), it is non-wandering if there is a subset which consists of (τ )-recurrent points and whose closure is a neighborhood of it, and it is proper if the derived set is closed. Obviously, each S 1 point is recurrent. A point x of a topological space X is (τ -)exceptional if x is neither maximal nor T D , it is weakly (τ -)non-indifferent (or attracting/repelling) if ↑ x is open, ⇑x consists of T D points, and ⇑ x = ∅, it is weakly (τ -)saddle-like if either ↑ x is not open or there is an element y > x such that x ∈ (x, y] − {y}, it is weakly (τ -)hyperbolic-like if it is either weakly non-indifferent or weakly saddle-like, it is non-indifferent (resp. saddle-like) if it is weakly non-indifferent (resp. weakly saddle-like) and ⇑x = ∅ contains T D points, it is hyperbolic-like if it is non-indifferent or saddle-like. Note that sinks and sources for a flow are non-indifferent but not saddle-like with respect to the orbit space. A topological space or a topology is of Anosov type if the set min X = X of minimal points is dense and there is a point whose closure is the whole space X. Note that the orbit (class) space of a hyperbolic toral automorphism is a topological space of Anosov type.
Saturated topologies for decompositions
Let F be a decomposition on a topological space (X, τ ). We observe a following statement. Now we state the sufficient condition that τ F becomes a topology.
Lemma 3.2. The set τ F of saturations of open subsets is contained in the topology τ if and only if the closure of each saturated subset is F -saturated. In any case, the set τ F is a topology.
Proof. Suppose that τ F is a topology. Assume that there is an F -saturated subset A whose closure is not F -saturated. Then there is a point
Thus A is F -saturated for any F -saturated subset A ⊆ X. Conversely, suppose that the closure of a saturated subset is F -saturated. Fix any open subset B. Set
In the cases of foliations or group-actions, we obtain the following statement. Proposition 3.3. Suppose that F is either a foliation or the set of orbits of a group-action. Then the set τ F of saturations of open subsets is a topology on the quotient space X/F . Moreover, the set τ F corresponds to the quotient topology.
Proof. Since the closure of the saturation of any subset corresponds to the saturation of the closure of it, Lemma 3.2 implies the assertion.
Characterizations of Lower separation axioms
First, we state observations of T −1 , T 0 , T 1/4 , T 1/3 and T 1/2 using the terms of orders. Proof. Suppose that x is T 0 . For any point y = x of X, we have either y / ∈ x or x / ∈ y. This means that y x or x y. Thus y / ∈x. Conversely, suppose that |x| = 1. Then y x or x y. Hence y / ∈ x or x / ∈ y. This shows that x is T 0 .
Lemma 4.2.
A topological space X is T −1 if and only if the class of each minimal point of X is closed (i.e. min X is T 0 ).
Proof. Suppose that X is T −1 . Fix any minimal point x. Then x =x. Assume that x is not closed. Then there is a neighborhood U of x such that U x. Hence there is a point y ∈ x \ U . This implies that x / ∈ y and so y / ∈x = x. This is a contradiction. Conversely, suppose that each minimal point of X is closed. Fix any non-closed point x of X. Then there is a point y < x and so U := X − ↓ y is an open neighborhood of x with U x. Proof. Note that the set min X of minimal points with respect to the specialization order ≤ τ is the set of closed points.
1. Suppose that τ is T 1/4 . Fix any point x ∈ X. Then x is closed or kerneled. If x is closed, then ht τ x = 0. It x is not closed, then {x} = ker τ x = ↑ x. Therefore x ∈ min X∪max X. This implies X = max X∪min X and so ht τ X ≤ 1. Conversely, suppose that ht τ X ≤ 1. Fix any point x ∈ X. If ht τ x = 0, then x is closed. Otherwise ht τ x = 1. For any point y = x ∈ X, we have y / ∈ ↑ x = ker τ x. Then ker τ x = {x} and so x is kerneled. Thus τ is T 1/4 .
2. Note that each saturated set is of form X − D for some downset D ⊆ X. Suppose that τ is T 1/3 . Fix a compact subset C of X. Then C is λ-closed. Since a λ-closed subset is the intersection of a saturated subset and a closed subset, there are a closed subset F and a downset D such that C = F \ D. Conversely, suppose that for each compact subset C of X there are a closed subset F and a downset D such that C = F \ D. Fix C, F , and D as above. Since the complement X − D is a saturated subset and
3. Recall that τ is T 1/2 if and only if each point of it is either open or closed. Since each height 0 point is closed, the first assertion implies the characterization of T 1/2 .
By the definition of S σ , we have the following statement. Note that the specialization order of the disjoint union (X, τ X ) := µ X µ is the union of the specialization orders of (X µ , τ µ ) as subsets of the product space X × X (i.e. ≤ τX = µ ≤ τµ ), and that a compact subset C of X is contained in some finite disjoint union k j=1 X µj such that each C ∩ X µj is compact in X µj . Combining with the above characterizations, we obtain the following invariance under arbitrary disjoint unions. Proposition 4.5. Let X µ be topological spaces and i = −1, 1/2, 1/3 or 1/4. Then the disjoint union µ X µ is T i if and only if X µ is T i for any µ.
Proof. Since min( µ X µ ) = µ min X µ and a disjoint union of T 0 topological spaces are T 0 , Lemma 4.2 implies the assertion for i = −1. Since ht τ ( µ X µ ) = sup µ ht τ X µ , Lemma 4.3 implies the assertion for i = 1/4. Since the finite disjoint union of any downsets (resp. closed subsets) is a downset (resp. closed subset), Lemma 4.3 implies the assertion for i = 1/3. Since each point in X µ0 is open in µ X µ if and only if so is it in X µ0 , Lemma 4.3 implies the assertion for i = 1/2. Recall that a topological space is anti-compact if each compact subset is finite. Obviously, we obtain the following observation. Lemma 4.6. Let X µ be topological spaces. Then the disjoint union µ X µ is anticompact if and only if X µ is anti-compact for any µ.
Notice that each cofinite topological space with infinitely many elements is not anti-compact but T 1 , because every subset is compact. Moreover there are T 1/3 topological spaces which are not T 1/2 (cf. Example 3.2. [2] ). Therefore we have the negative answer for Question 3.4 [2] as follows: Proposition 4.7. There are T 1/3 topological spaces which are neither T 1/2 nor anti-compact.
Proof. Let X be a topological space that is not T 1/2 but T 1/3 , Y a topological space which is not anti-compact but T 1/3 . By Proposition 4.5 and Lemma 4.6, the disjoint union X ⊔ Y is neither anti-compact nor T 1/2 but T 1/3 .
Using the characterization of T 1/4 , we have the following characterization of T Y S .
Lemma 4.8. The following are equivalent for a topological space X:
3) X is T 1/4 and a downward forest.
In any case, each connected component of X is the downset ↓ x for some point x ∈ X.
Proof. Note that X is T 0 in any case. Suppose that X is T 1/4 and a downward forest. Then each connected component of X is the downset ↓ x for some point x ∈ X. Fix any distinct pair x = y ∈ X. If the height of x is zero, then ⇓ x = ∅ and so ⇓ x ∩ ⇓ y = ∅. Thus we may assume that the height of x (resp. y) is one. Then x and y are incomparable. Since X is a downward forest, we have ⇓ x ∩ ⇓ y = ∅. This means that the condition 2 holds. Suppose that X is T Y S . If there are points x > y > z in X, then y, z ∈ ↓ x ∩ ↓ y. This contradicts to T Y S axiom. Thus ht τ X < 2 and so X is T 1/4 . This implies that the condition 3 holds. Moreover we will show that the condition 2 holds. Fix any x = y ∈ X. If ↓ x ∩ ↓ y = {y}, then the fact ht τ X ≤ 1 implies that ⇓ y = ∅. By the symmetry, we may assume that ↓ x ∩ ↓ y = ∅. Then ⇓ x ∩ ⇓ y = ∅. This means that the condition 2 holds. Conversely, suppose that ⇓ x ∩ ⇓ y = ∅ for any x = y ∈ X. If there are points x > y > z in X, then z ∈ ⇓ x ∩ ⇓ y. This contradicts to the hypothesis. Thus ht τ X ≤ 1. Fix any x = y ∈ X. If x > y, then the hypothesis implies that ↓ x ∩ ↓ y = {y}. By symmetry, we may assume that x and y are incomparable. Then the hypothesis implies that ↓ x ∩ ↓ y = ∅.
Characterizations of separation axioms
We observe the following statement. Proof. Suppose that x is S D . We may assume that x is not minimal. Then ⇓ x is closed and so x / ∈ ⇓ x = ⇓ x. Conversely, suppose that either x is minimal or x / ∈ ⇓ x. If x is minimal, then⇓x = ∅ is closed. Thus we may assume that x / ∈ ⇓ x. Since ↓ x is closed and ↓ x = {x} ⊔ ⇓ x, the derive set ⇓ x is closed.
Recall σU := U − U for a subset U . Note that σU = U \ ↑ U for any λ-closed subset U . We have the following characterization of λ-spaces. Proposition 5.2. A topological space X is a λ-space if and only if σU ⊆ min X for any λ-closed subset U .
Proof. First we show that each condition implies that ht τ X ≤ 1. Indeed, suppose that X is a λ-space. Assume that there are points x > y > z. Then X − ↓ y and ↓ z are λ-closed but (X − ↓ y) ∪ ↓ z is not λ-closed. This contradicts that the union of any two λ-closed sets is λ-closed. Suppose that σU ⊆ min X for any λ-closed subset U . The fact that the class of each singleton is λ-closed implies ht τ X ≤ 1.
Suppose that there are a λ-closed subset U and a point x ∈ σU \ min X. Since U is λ-closed, we have U = ↑ U ∩ U and so
∈ U ⊔ŷ and y < x, we obtain x / ∈ G, which contradicts to x ∈ U . This shows that X is not a λ-space. Conversely, suppose that X is not a λ-space. Then there are λ-closed
Hence σA min X or σB min X.
We have the following characterization of S Y S . Proposition 5.3. The following are equivalent: 1. The topological space X is S Y S . 2. ⇓x ∩ ⇓ŷ = ∅ for any x, y ∈ X withx =ŷ. 3. The class spaceX is a downward forest of height at most one.
Proof. In each case, we have ht τ X ≤ 1. Otherwise there are points x > y > z in X and so z < y ∈ ↓ x ∩ ↓ y, which contradicts to S Y S axiom (resp. the hypothesis in 2). The fact ht τ X ≤ 1 implies that 2 and 3 are equivalent. Suppose that X is S Y S . Fix any x, y ∈ X withx =ŷ. If y < x, then the fact ht τ X ≤ 1 implies that ↓ y =ŷ and so ⇓x ∩ ⇓ŷ = ⇓ŷ = ∅. By the symmetry, we may assume that x and y are incomparable. By the definition of S Y S , we have ⇓x ∩ ⇓ŷ = ↓ x ∩ ↓ y = ∅. Conversely, suppose that ⇓x ∩ ⇓ŷ = ∅ for any x, y ∈ X withx =ŷ. Fix any x, y ∈ X withx =ŷ. If x > y, then the hypothesis implies that ↓ x ∩ ↓ y =ŷ. By symmetry, we may assume that x and y are incomparable. Then the hypothesis implies that ↓ x ∩ ↓ y = ⇓x ∩ ⇓ŷ = ∅. Proof. If there are points x > y > z in X, then ↓ x ∩ ↓ y contains two nonempty classesŷ =ẑ. Thus we have ht τ X ≤ 1 in each case. 1. Suppose that X is S Y Y . We may assume that X is not S Y S . Then there is a point p as in the definition of S Y Y . Note that X −p is S Y S . This implies thatX −p is a downward forest. ThereforeX is a bouquet of downward forests. Conversely, suppose thatX is a bouquet of downward forests of height at most one. Then there is a minimal point p such thatX −p is a downward forest of height at most one and so the complement X −p is S Y S . By the minimality of p, this implies that X is S Y Y .
2. Suppose that X is S Y . For each pair of points x, y ∈ X − min X withx =ŷ, the intersection ↓ x ∩ ↓ y contains at most one class. This implies thatX is min-S 1 -free. Conversely, suppose thatX is min-S 1 -free such that ht τ X ≤ 1. Then the intersection ↓ x ∩ ↓ y for each pair of points x, y ∈ X withx =ŷ contains at most one class. Thus X is S Y .
We have the following characterization of C 0 , C D , C R , and C N by using preorder.
minimal, thenx − {x} is either empty or not a union of closed subsets. Thus we may assume that x is not minimal. Since |x| > 1, we obtain that ⇓ x is not a downset and so is not a union of closed subsets.
2. Suppose that x is C D . We may assume that x is not minimal. Then the derived set ⇓ x is either empty or non-closed. Since x is not minimal, we have that ⇓ x = ↓ x − {x} is not closed and so ↓ x ⊇ ⇓ x. Since X − ↓ x is open, we obtain ↓ x = ⇓ x. Conversely, suppose that x is minimal or x ∈ ⇓ x. If x is minimal, then x is closed and so ⇓ x =x − {x} is either empty or non-closed. If x is not minimal, then the hypothesis implies that the derived set ⇓ x = ↓ x − {x} is not closed.
3. Suppose that x is C R . Assume that ht τ x ≥ 1. Then there is a point y < x of X and so ↓ y ⊂ ⇓ x. This contradicts to the definition of C R . Conversely, suppose that ht τ x = 0. Then ↓ x =x and so ⇓ x =x − {x}. Since any point y ∈x satisfies ↓ y = ↓ x, the derived set ⇓ x contains no nonempty closed subsets.
4. Suppose that x is not C N . Then there are nonempty disjoint closed subsets F, E ⊆ ⇓ x. For any y ∈ F , z ∈ E, we have ↓ y ∩ ↓ z = ∅. This shows that ↓ x is not down-directed. Conversely, suppose that ↓ x is not down-directed. Then there are two points y, z ∈ ↓ x such that ↓ y ∩ ↓ z = ∅. This means that x is not C N .
We obtain the following inclusion relations:
Lemma 5.6. Let x be a point of a topological space X.
Proof. The definitions of C 0 and recurrence imply the assertion 2). If x is S 1 , then x is closed and so x is a minimal point. Lemma 5.5 implies x is C 0 .
There is a T 0 -space which is recurrent but not C 0 (see Figure 2) . Indeed, let X be the set of natural numbers (i.e. X := Z ≥0 ). Define the topology τ as follows: a subset is closed if it is finite subset of Z >0 or the whole space. Note that the topology τ is the cofinite lower topology such that the set of elements of height zero (resp. one) is X − {0} (resp. { 0 }). Then the height 1 element 0 is T 0 . 
Observations of separation axioms
Proof. 1. Obviously, ifX is a chain, then X is nested. Conversely, suppose X is nested. For any points x, y of X, since X − ↑ x and X − ↑ y are open, we have ↓ x ⊆ ↓ y or ↓ y ⊆ ↓ x. Hence x ≤ y or y ≤ x for any points x, y of X. This means that all points are comparable and soX is a chain.
2. Note that an point whose class is closed is of height zero. Suppose that X is S SD . For any point x ∈ X whose class is not closed, the derived set ⇓x of the classx is a class of some point and so the downset ↓ x is a pre-chain of height one. Therefore the class spaceX is an upward forest of height at most 1. Conversely, suppose that the class spaceX is an upward forest of height at most 1. For any point x ∈ X whose class is not closed, the derived set ⇓x of the classx is a class of a minimal point and so is closed.
3. By Proposition 1 [14] , we have that X is w-R 0 if and only if ker τ x = X for any point x of X. If there is a bottom t of X, then ker τ t = ↑ t = X and so X is not w-R 0 . If there are no bottoms of X, then ker τ x = ↑ x = X for any point x ∈ X, and so X is w-R 0 .
4. By Proposition 4 [14] , we have that X is w-C 0 if and only if x = X for any point x of X. The dual of the proof of 3 implies the assertion.
5. Note that X is S δ if and only if ⇓x of a point x is a down-discrete prechain. Since the latter condition is the definition of down-discrete upward forest, the assertion holds.
6. Suppose thatX is a downward forest. For any point x ∈ X, we have that ↑ x = ker τ x is a pre-chain. Fix any open subsets U, V and any x ∈ U \ V , y ∈ V \ U . Assume that there is a point z ∈ x ∩ y, Then ↑ z is a pre-chain and so either x ≤ y or y ≤ x. This means either y ∈ U or x ∈ V , which contradicts to the hypothesis. Conversely, suppose that x ∩ y = ∅ for any open subsets U, V and any x ∈ U \ V , y ∈ V \ U . Assume that there is a point z of X such that ↑ z is not a pre-chain. Let x, y ∈ ↑ z be the incomparable points. Then U x := X − ↓ y and U y := X − ↓ x. Since x ∈ U y \ U x and y ∈ U x \ U y , the hypothesis implies that ↓ x ∩ ↓ y = ∅, which contradicts to x, y ∈ ↑ z.
Complementary, we call the topologies which satisfy the last condition in Lemma 6.1 S Q topologies, because the last condition is similar to the dual of the 5th condition (and Q looks like a refection image of δ). Then we have the following inclusion relations for S Q : 1) S Y S = S 1/4 ∩ S Q . 2) X is S Q and S δ ⇒X is a disjoint unions of chains. 3) C R or nested ⇒ S Q .
Dynamical-systems-like properties
We state equivalence of recurrence between topological spaces and class spaces.
Lemma 7.1. Let (X, τ ) a topological space with the class space (X,τ ) and p : X → X be the natural projection. Then X is τ -recurrent if and only ifx isτ -recurrent for any T 0 -point x ∈ X.
Proof. Suppose thatx is recurrent for any point x ∈ X with |x| = 1. Fix any point x ∈ X. If |x| > 1, thenx − {x} = ∅ and so the derived set x − {x} is not closed. Thus we may assume that |x| = 1. Then eitherx is aτ -closed point or the derived setxτ −x is notτ -closed. Ifx isτ -closed, then x is minimal and so x =x = {x}. Thus we may assume that the derived setxτ −x is notτ -closed. Sincex = {x}, the derived set x − {x} = p −1 (xτ −x) is not closed. Conversely, suppose that τ is recurrent. Fix any pointx ∈X withx = {x}. Then either x is closed or x − {x} is not closed. If x is closed, thenx = {x} is also closed. Thus we may assume that x−{x} is not closed. Then the inverse image p −1 (xτ −x) = p −1 (xτ )−{x} = x−{x} is not closed and so isxτ −x.
We state the relation of recurrence on a topological space and the class space.
Lemma 7.2. Let X be a topological space X with the class spaceX and p : X →X the natural projection. Then p −1 ({x ∈X | |x| > 1} ∪R) = R, where R is the set of recurrent points of X andR is the set of recurrent point ofX.
Proof. Recall that a recurrent point is either minimal or non-T D (i.e. the derived set is not closed). Fix a point x ∈ R. If x ∈ min X, then p(x) ∈ minX ⊆R. If x is not T 0 , then p(x) ∈ {x ∈X | |x| > 1}. Thus we may assume that x is T 0 but not minimal. Then the derived set ⇓ x of x is not closed. Since ⇓ x = p −1 (p(⇓ x)) is not closed, so is the image⇓x = p(⇓ x). This means thatx ∈R. On the other hands, fix a point x ∈ p −1 ({x ∈X | |x| > 1} ∪R). If |x| > 1, then x is not T 0 and so is recurrent. Thus we may assume thatx ∈R and x is T 0 . Ifx is minimal, then so is x. Thus we may assume that⇓x is not closed. Since x is T 0 , the inverse image ⇓ x = p −1 (⇓x) is not closed. This implies that x is recurrent.
The previous lemma implies an equivalence for the non-wandering property.
Proposition 7.3. Let (X, τ ) be a topological space X with the class space (X,τ ). Then X is non-wandering if and only if the union ofτ -recurrent points and points ofX whose cardinality is more than one is dense inX.
We also state hyperbolic-like property for topological spaces. We state equivalences of conditions of saddle-like subsets.
Lemma 7.5. The following conditions are equivalent for a point x of a topological space X:
If ↑ x is a neighborhood of x, then the fact that each open subset is a upset implies that ↑ x is open. This means that the conditions 2 and 3 are equivalent. Since X − ↑ x = X − int ↑ x, the conditions 1 and 2 are equivalent.
Lemma 7.6. The following conditions are equivalent for points x < y of a topological space:
1.
Proof. Obviously, the conditions 2 and 3 are equivalent. If x ∈ (x, y] − {y}, then (x, y] − {y} = ∅. Conversely, suppose that (x, y] − {y} = ∅. Then there is a point z ∈ (x, y] − {y}. Since x < z, we have x ∈ ↓ z ⊆ (x, y] − {y}.
Applications for flows
Let v be a flow on a compact space X and τ v the quotient topology of the orbit space X/v. Recall that the orbit space consists of orbits (i.e. each class is an orbit). Note that v is pointwise periodic if and only if τ v is T 1 . Recall that a subset of X is saturated with respect to v if it is a union of orbits. Lemma 4.2 implies the characterization of T −1 -separation property of the flow v. Proof. 1. Since a dense orbit corresponds to a top with respect to the quotient topology, the assertion holds.
2. Suppose that τ v is S Q . Then the quotient space X/v is a downward forest. For any points x, y with
Since the upset of a point is a pre-chain, we have either z ≤ τ x ≤ τ y or z ≤ τ y ≤ τ x. This means x ∈ O v (y) or y ∈ O v (x). Conversely, suppose x ∈ O v (y) or y ∈ O v (x) for any points x, y with O v (x) ∩ O v (y) = ∅. Assume that the quotient space X/v is not a downward forest. Then there are a point z ∈ X and a pair x, y ∈ ↑ τ z of incomparable elements. Since z ∈ O v (x) ∩ O v (y), the hypothesis implies that x ∈ O v (y) or y ∈ O v (x). Therefore either x ≤ y or y ≤ x, which contradicts to the incomparability of x and y. Thus the quotient space X/v is a downward forest.
3. Since X is compact, each orbit closure contains at least one minimal set. Suppose that τ v is C N . By the down-directed property, each orbit closure contains contains exactly one minimal set. Conversely, suppose that each orbit closure contains contains exactly one minimal set. This implies that the closure of each point is down-directed. By Proposition 5.5, τ v is C N .
We characterize the recurrence of a flow. 
trivially. Thus we may assume that O x − O x is not closed. This implies that x ∈ O x − O x and so x ∈ α(x) ∪ ω(x). Second, suppose that X is locally compact Hausdorff and x is a recurrent point. We may assume that O x is not closed. We show that O x − O x is not closed. Otherwise O x −O x is closed. Applying the Baire category theorem, since O x is locally compact Hausdorff and so Baire and since each open subset of a Baire space is a Baire space, the orbit O x is Baire. Let
Since O x is Baire, we have n U n is dense, which contradicts to the definition of U n . Therefore O x is τ v -recurrent.
There is a transitive flow on a metrizable space such that each regular point is not τ v -recurrent but v-recurrent. Indeed, applying a dump function to an irrational rotation, consider a vector field on T 2 with one singular point x such that each regular orbit is dense. Let X := O ⊔ {x} be the union of x and a regular orbit O and v the restriction of the flow. Then X is metrizable and v consists of one v-recurrent non-closed orbit O and one singularity x. Thus O − O = {x} is closed and so O is not τ v -recurrent but v-recurrent.
We state connectivity of α-limit sets.
Lemma 8.5. Any α-limit set of a flow on a sequentially compact space X is connected.
Proof. Since an orbit is a continuous map of R and so is connected, it is contained in a connected component of X. Thus we may assume that X is connected . Assume that there is a disconnected α-limit set α(z). Put U and V disjoint open subsets each of which intersects α(z) with α(z) ⊆ U ⊔ V . Since X is connected, the complement A := X − (U ⊔ V ) is nonempty and closed. The sequential compactness implies that A is sequentially compact. For any T > 0, there are numbers
We state a property of attractors.
Lemma 8.6. Let v be a flow on a sequentially compact space X and F an attractor with a basin U of attraction. Any point z ∈ U with α(z) ∩ F = ∅ is contained in F .
Proof. Note that each orbit of a flow is contained in a connected component. Let z ∈ U be a point with α(z) ∩ F = ∅. Since v t (z) ∈ U for any t > 0, we have
We show that v-attractors are non-indifferent.
Proposition 8.7. An orbit contained in an attractor F X for a flow on a sequentially compact space X is non-indifferent with respect to τ v .
Proof. Let x be a point of an attractor F for v and U a basin of attraction of F . Then ↓ τv O x = F and U − F = ∅. The minimality implies thatx = F is closed. Let V = t∈R v t (U ). We show that ↑ τv O x = V . Indeed, fix any point y ∈ V . By the hypothesis, the fact
and so z ∈ F , which contradicts to the choice of z. Thus the orbit of any point
We state the relation between saddle sets and weakly τ v -saddle-like sets.
Lemma 8.8. Let F be a saddle set with at most countably many separatrices of a flow v on a sequentially compact space X. If each neighborhood of F intersects uncountably many orbits, then each orbit in F is weakly τ v -saddle-like.
Proof. Let v be a flow on a sequentially compact space X and F a saddle set with countably many separatrices. Since F is a saddle set, we obtain
. Therefore either α(y) ⊆ F or ω(y) ⊆ F . Since ↑ τv O x intersects uncountably many orbits, we have uncountably many separatrices of F , which contradicts to the countability of separatrices.
Summarize the relations between topological properties and dynamical properties.
Theorem 8.9. Let x be a point of a sequentially compact space X. The following holds:
is a saddle set with countably many separatrices and each neighborhood of it intersects uncountably many orbits. Now we state a relation between τ v -recurrence and hyperbolic-like property.
Proposition 8.10. Let v be a flow on a topological space X. If X is τ v -recurrent, then X has no hyperbolic-like points. Conversely, if X is compact and has no weakly hyperbolic-like minimal points, then X is τ v -recurrent.
Proof. Suppose that there is a hyperbolic-like point x of the space X. Then there is an orbit O y > τv O x which is τ v -T D . Obviously O y is not τ v -recurrent. Conversely, suppose that X is compact but not τ v -recurrent. Then there is a non-closed proper orbit O. Since X is compact, there is an orbit O ′ O contained in a minimal set. It suffices to show that there is a weakly hyperbolic-like minimal point. Indeed, we may assume that there are no weakly non-indifferent orbits which are minimal and each upset of minimal point is
The converses of the above statements do not hold. In fact, the trivial topology on a two point set is compact recurrent and there are weakly non-indifferent points. The one point compactification X of an infinite discrete space Y with the lower cofinite topology (i.e. the closed sets of except X correspond to finite subsets of Y ) is also T 0 recurrent and there are weakly saddle-like points. Moreover, a four point space X = {a, b, c, d} with a topology {∅, {c}, {a, b}, {a, b, c}, X} is not recurrent but compact and has no hyperbolic-like points.
8.2.
Weak hyperbolic-like property for vector fields. On the hyperbolic minimal set of a vector field, we have the following statement. The recurrence for foliations implies the C 0 separation axiom as follows.
Theorem 9.2. The following are equivalent for a foliation F on a compact manifold: 1) F is recurrent.
Proof. Lemma 5.6 implies that a C 0 foliation on a compact manifold is recurrent. It suffices to show that recurrence implies the C 0 separation axiom. Suppose that F is recurrent. Then there are no proper non-compact leaves. Theorem 2.1 [22] implies that each non-proper leaf is not T 0 . Therefore each leaf is compact or non-T 0 and so minimal or non-T 0 . Thus F is C 0 .
By the same argument, Corollary 2.3 [22] implies a similar statement for groupactions. Corollary 9.3. A group-action on a paracompact manifold is recurrent if and only if it is C 0 .
The S 1/2 separation axiom implies the recurrence.
The converse does not hold in general. In fact, consider a codimension one foliation F ′ on T 3 with one compact leaf and dense leaves. Then a foliation
is not S 1/2 but recurrent codimension two. However, the converse is true for codimension one S 1/4 foliations. In other words, codimension one recurrent S 1/4 foliations on a compact manifold are S 1/2 . We will show it in the subsection 9.2.
From now on, let F be a codimension one foliation on a paracompact manifold M .
9.1. Leaf properties. We state the characterization of proper (resp. compact, minimal) foliations as follows. Proof. Theorem 2.1 [22] implies the equivalence 1. Since the leaf space of a continuous codimension one compact foliation of a compact manifold is either a closed interval or a circle (Corollary 5.3 [20] ), the equivalence 2 holds. Suppose that F is minimal. Obviously, F is not T 0 but S 1 . Conversely, suppose that F is not T 0 but S 1 . Then F consists of minimal sets and so M = min M = max M . Since exceptional leaves are not maximal, we obtain M = Cl ⊔ LD. Since F is not T 0 , there is a locally dense leaf L. Since L =L, the connectivity of M implies that M =L.
Recall that the superior structure Lemma 2 and 3 [16] ). These facts imply the following statements.
Lemma 9.6. Each locally dense leaf is maximal with respect to the order < F .
Proof. For a locally dense leaf L and for a leaf L ′ with L ⊂ L ′ , the local density implies that L ′ ⊂L.
Lemma 9.7. If the height of τ F is finite, then the union LD is open and the closure E is a finite union of closures of exceptional leaves.
Proof. Since the codimension of F is one, the union Cl is closed. Suppose that the height of τ F is k < ∞. Theorem [17] implies that E consists of finitely many local minimal sets. Lemma 9.6 implies E∩LD = ∅. Then the complement M −(E∪Cl) ⊆ LD ⊔ P is open. Let U 1 := M − (E ∪ Cl) ⊆ LD ⊔ P. Then LD ⊆ U 1 . By Theorem [17] , the union C 1 of the leaves each of which is closed in the open subset U 1 is closed in U 1 . By induction, define an open subset U i+1 := U i − C i . Then there is no leaf which is closed in the open subset U k and so U k ∩ P = ∅. Thus the complement
Note that there is a non-S 1/4 non-wandering codimension one foliation without exceptional leaves on a compact manifold of height three such that P is nether closed nor open. Indeed, we construct a foliated bundle over Σ 3 with one compact leaf, one proper leaf, and locally dense leaves, where Σ 3 is a closed orientable surface with genus three. Let S 1 = R ⊔ {∞} be the one-point compactification of R. Define three homeomorphisms f, g, and h which are pairwise commutative as follows: Consider f, g as commutative translation on (0, 1) whose orbits are dense and extend f, g : R → R into homeomorphisms such that f (x + 1) = f (x) + 1 and g(x + 1) = g(x) + 1. Define h : R → R by h(x) = x + 1. Extend f, g, and h into homeomorphisms by adding common fixed point ∞. Then the resulting foliated bundle whose total holonomy group is generated by f, g, and h is desired, where the total holonomy group is the image of the monodromy On the other hand, the union P of foliations of height at most two is open. Proof. By Lemma 4.3, the height of τ F is at most one. By the decomposition of codimension one foliations, the union Cl ⊔ E = M − (P ⊔ LD) is closed. Assume that there is a locally dense leaf L ′ with L ′ ∩ P = ∅. Then the height of any locally dense leaf is at least two, which contradicts to the hypothesis. Thus the boundary ∂L of any locally dense leaf L is contained in Cl ⊔ E, where ∂A := A − A is the boundary of a subset A. Assume that LD ∩ P = ∅. Fix a point x ∈ LD ∩ P. Since the closure of any locally dense leaf intersects to no points in P, there are infinitely many locally dense leaves L i (i ∈ Z >0 ) such that x ∈ i∈Z>0 ∂L i ⊆ Cl ⊔ E, which contradicts to x ∈ P.
The non-existence of non-closed proper leaves implies the openness of locally dense leaves. 9.2. Dynamical-system-like properties of foliations. Recall that the following statements are equivalent for a codimension one foliation F on a compact manifold M : 1) F is S 1 ; 2) F is S 2 ; 3) F is compact or minimal (i.e. M = Cl or M = LD) [20] . First, we have a characterization of S 1/4 foliations, to state dynamical-systemlike properties of foliations.
Lemma 9.11. Let F be a codimension one foliation on a compact manifold M . Then the following are equivalent: 1. F is S 1/4 . 2. P ⊆ max M and E ⊆ min M . 3. Each non-compact proper leaf is kerneled and the closure of each exceptional leaf is minimal.
In any case, the unions P ane LD are open.
Proof. Obviously, the conditions 2 and 3 are equivalent. Since locally dense leaves are maximal and compact leaves are minimal, the condition 3 implies the condition 1. Conversely, suppose that the condition 1 holds. Since any non-compact proper leaf is not minimal, it is maximal and so kerneled. By Lemma 3 [17] , each exceptional leaf is not maximal and so the closure of each exceptional leaf is minimal.
Note there is a codimension one foliation on a compact manifold whose leaf class space is not S 1/3 but S 1/4 . For instance, so is the Reeb foliation on the sphere S 3 . In fact, the complement C := S 3 − L of any planer leaf L is compact with respect to the quotient topology τ F . Since the unique closed subset containing C is the sphere S 3 and the leaf L is not a downset, there is no pair of a closed subset F and a downset D such that C = F \ D. We show the following equivalence for codimension one foliations. Proposition 9.12. Let F be a codimension one foliation on a compact manifold M . Then the following are equivalent:
3. F is S 1/4 and P = ∅ 4. E ⊆ min M and P = ∅. 5. The closure of each leaf which is not locally dense is a minimal set.
Proof. Note hat M = E⊔Cl⊔LD⊔P. The decomposition implies that the condition 4 corresponds to the condition 5. By the definitions, an S 1/2 topology is S 1/3 (i.e. the condition 1 implies the condition 2). By Lemma 9.11, the conditions 3 and 4 are equivalent. By Lemma 9.9 and Lemma 2.3 [21] , the condition 3 implies the condition 1. Suppose that τ F is S 1/3 . Note that the unique F -saturated neighborhood of min M is the whole manifold M . Since min M is compact with respect to τ F , any subset containing min M is compact with respect to the saturated topology τ F . Assume that there is a non-compact proper leaf L. Then the complement M − L is not closed but compact with respect to τ F . Since M = M − L and the proper leaf L is not a downset, there is no pair of a closed F -saturated subset F and a downset D such that C = F \ D, which contradicts to the S 1/3 separation axiom. Thus P = ∅ and so the condition 3 holds.
There is a codimension one S 1/2 foliation on a compact manifold such that LD consists of infinitely many leaf classes. Indeed, we construct a foliated bundle over Σ 2 with infinitely many compact (resp. locally dense) leaves. Let S 1 = R ⊔ {∞} be the one-point compactification of R. Define two C ∞ diffeomorphisms f 1 , f 2 as follows: Consider diffeomorphisms f 1 , f 2 : (0, 1) → (0, 1) which are conjugate to commutative translations on R with relatively prime translation numbers. Then each orbit of the group generated by f 1 and f 2 is minimal. Extend f i : (0, 1) → (0, 1) into a diffeomorphism such that f i (x + 1) = f i (x) + 1. Taking ∞ as a fixed point, extend f i : S 1 → S 1 into a diffeomorphism such that Then the resulting foliated bundle is desired. We show the following equivalence. Theorem 9.13. Let F be a codimension one foliation on a compact manifold M . Then the following are equivalent:
F is recurrent and S 1/4 . 4. F is recurrent and E ⊆ min M .
There are recurrent foliations with exceptional local minimal sets which are not minimal, which are not S 1/2 . Indeed, fix H 0 be a finitely generated group action on a circle S 1 := R/Z which consists of a unique minimal set and dense orbits. Denote by H 1 the finitely generated group action on R generated by the lift of generators of H. Let H 2 the group action generated by H 1 and a translation f : R → R defined by f (x) = x + 1. Denote by S 1 ∞ := R ⊔ {∞} the one-point compactification of R.
Extend the group action H 2 on R into an action on S 1 ∞ with the global fixed point ∞. Then the resulting finitely generated group-action on a circle S 1 has a unique fixed point ∞, one locally minimal set E which is exceptional, and locally dense orbits (i.e. LD = R − E). This implies that there is a non-S 1/2 codimension one foliated bundle on closed surface consists of one compact leaf, one exceptional local minimal sets which are not minimal, and locally dense leaves.
9.3. Several separation axioms for foliations. Recall that a topological space X is S D if the derived set x −x of the class of any point x ∈ X is closed. Lemma 9.14. A codimension one S 1/4 foliation on a compact manifold is S D .
Proof. Let L be a leaf of a codimension one S 1/4 foliation F . If L is closed or exceptional, then the inferior structure L −L is empty and so closed. If L is non-
Thus we may assume that L is locally dense. By Lemma 9.7 , the leaf classL is open and so the inferior structure L −L is closed.
We characterize the S Y S separation axiom using the S 1/2 separation axiom. Proof. Let F be a codimension one foliation on a compact manifold M . Replacing M with M −int Cl, we may assume that int Cl = ∅. Suppose that F is S Y S . Lemma 4.8 implies that F is S 1/4 and that the leaf class space M/F is a downward forest. Then LD ⊆ max M and so L ∩ L ′ = ∅ for any leaves L, L ⊂ LD withL =L ′ . Conversely, suppose that F is S 1/2 such that L ∩ L ′ = ∅ for any leaves L, L ⊂ LD withL =L ′ . By Proposition 9.12, there are no non-compact proper leaves and so M = Cl ⊔ LD ⊔ E. Since the height of M is one, we obtain that max M = M 1 ⊆ LD. By the hypothesis, the leaf class space M/F is a downward forest of height at most one. Lemma 4.8 implies that F is S Y S . Applying Lemma 5.5 and Lemma 6.1, we observe the following interpretations. Note that the Reeb foliation on T 2 is not S 1/3 but T 1/4 such that the leaf space corresponds to the leaf class space and is a upward tree consisting of the bottom and a circle which consists of height one points (see Figure 3) . Indeed, the complement T 2 − L for a non-compact proper leaf L is compact but not λ-closed with respect to τF , because the unique closed subset containing T 2 − L is T 2 . The properties of the order < F [17] and the definition of "Artinian" imply the following two interpretations for foliations. Proof. By the properties of the inferior structure [17] , the inferior structure L −L is closed if and only if it is a finite union of leaf closures.
Lemma 9.18. The class decompositionF of a foliation F is Artinian if and only if the height ht F (L) of each leaf L ∈ F is finite.
These lemmas imply the following interpretation. We show that recurrence implies quasi-Hausdorffness for codimension one foliations.
Proposition 9.20. Each codimension one recurrent foliation on a compact manifold is q-S 2 .
Proof. Let F be a codimension one recurrent foliation on a compact manifold M . Considering the transversally orientable foliation on the double covering of M if necessary, we may assume that F is transversally orientable. If L is exceptional, then Lemma 3 [17] implies that there is an open saturated neighborhood of L where each leaf closure contains L, and so that ⇑ F L is an open saturated neighborhood of L. By the recurrence, we have M = Cl ⊔ LD ⊔ E. We may assume that there are leaves L = L ′ ∈ F such that there is no leaf Note that there are codimension one q-S 2 foliations which are not wandering (in particular, not recurrent) (e.g. Reeb foliations on some manifolds). In the groupaction case, there is a S 1 group-action which is not q-S 2 . In fact, a smooth vector field v = (0, y) on T 2 = (R/Z) 2 generates such a group-action. Moreover, a smooth vector field v = (1, sin(2πz), 0) on T 3 generates a codimension two S 1 foliation which is not q-S 2 . On the other hand, the author would like to know whether there is a codimension one foliation on a compact manifold which is not q-S 2 . In other words, is there a codimension one foliation on a compact manifold which is not q-S 2 ?
9.4. Hyperbolic-like property for foliations. Let F be a foliation on a compact manifold M . Proof. Let F be a codimension k proper foliation. Lemma 7.4 implies that F is weakly hyperbolic-like. Since each leaf closure is not the whole manifold, F is not of Anosov type.
